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Abstract. A new class of théntermediatestate of the quantized radiation field, i.e. tiegative
hypergeometric statNHGS), is introduced and its algebraic structure and nonclassical properties
are investigated. The importance of NHGS lies in the fact that it can help unify such important
states as the binomial, negative binomial, coherent, number and quasi-thermal states etc in quantum
optics.

1. Introduction

In recent years, there has been much concern about so-ra#letiediate stateis the context

of quantum optics. Such a state interpolates between two other distinctive states, reducing to
them in two different limits of the parameters involved. In consequence, a unifying role is
played by an intermediate state in describing the physical properties of its limiting states. The
earliest example in the literature is the binomial state (BS) [1], which interpolates between the
coherent state and the number (Fock) state. Another is the negative binomial state (NBS) [2],
which bridges the coherent state and the quasi-thermal state (i.e. Susskind—Glogower phase
state [3]). The notion of BS was then generalized to the even-BS [4] (between the even-coherent
and the even-number state) and thdeformed BS [5] (between thg-coherent and the-

number state). The NBS was also generalized to the even (odd) NBS [6], which interpolates
between the even (odd) coherent state and the even (odd) quasi-thermal state. The logarithmic
state, as a special case of NBS with the= O term removed, was also investigated [7].
There are also many other intermediate states, among which one can cite: (i) the generalized
geometric state [8], between the number state and the (nonpure) chaotic (thermal) state; (ii)
the intermediate number phase state [9], between the number state and the Pegg—Barnett phase
state [10]; (iii) the intermediate number squeezed state [11], between the number state and
the squeezed coherent state; (iv) the even and odd intermediate number squeezed state [12],
between the even (odd) number state and even (odd) squeezed state. Most of the theoretical
studies concerning these states have focused on their constructions and the possible occurrence
of various nonclassical effects exhibited by them.
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Theoretically, the BS (NBS) is constructed by a linear combination of number states with
coefficients chosen such that the photon-counting distribution is binomial (negative binomial).
In a similar way, this paper introduces a new class of the intermediate state, to be called the
negative hypergeometric staf§HGS), whose photon-counting distribution is thegative
hypergeometric distributiofNHGD). (For an elementary introduction of the NHGD see the
appendix. For more details, see, e.g., [13].) The NHGD is not as well known as the binomial
and negative binomial distributions in classical probability theory. Nevertheless, we find some
attractive features of the field whose photon-number statistics is characterized by NHGD. In
fact, in two different limits of the parameters involved, the NHGS coincides with the vacuum
state and the number state, respectively. More strikingly, in other two different limits, the
NHGS respectively reduces to the BS and the NBS. Put in another way, the NHGS can be
viewed as thentermediate BS—-NB3n further limiting cases, the NHGS degenerates to the
coherent and the number state (from the BS) and the coherent and the quasi-thermal state (from
the NBS). Therefore, the NHGS is useful in carrying out a systematic study of the properties
of all these fundamental states in quantum optics.

In the next section we define the NHGS and discuss its asymptotic behaviour. In view of
the factthatthe BS (NBS) can be identified with a specié®) (su(1, 1)) coherent state via the
Holstein—Primakoff (HP) realization of thex (2) (su(1, 1)) generators [14, 15], we naturally
expect that the algebra associated with NHGS is a deformation ofb@handsu (1, 1). To
verify this, in section 3 we shall study the algebraic structure of NHGS, from the perspective of
its ladder operator formalism. In section 4, we examine the conditions under which the NHGS
exhibits nonclassical properties, including the sub-Poissonian distribution, antibunching
character and squeezing effect. As expected, these properties display intermediary behaviours.
The Wigner function of NHGS will also be investigated, for it helps provide insight to the
nonclassical nature of the radiation field in NHGS. Some remarks on the possibility for
generating the NHGS are presented in section 5. The original definition of NHGD is given in
the appendix.

2. NHGS and its asymptotic properties

The NHGS is defined as a linear combination( &f + 1) numbers states as

M
M, B.s) =Y _ O (B.5)n) @

n=0

91/2
o s\ (M/Q=B)—n—s—1\M/A- B\
stwo= [T BT

|n) are the number states,is a non-negative real number less than onesaadon-negative
integer satisfying

s <MB/(1—p). 3
Here the definition of the generalized binomial coefficient is
<a> _af@a=1)...(@a—n+l

where

(4)

n n!

in whicha need not be an integer. It is easy to see that in the specialfasel, the NHGS
is actually aBS, i.ey/1— (1 — B)(A +5)|0) + /(1 — B)(1 +5)|1).
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The name of NHGS originates from the fact that their photon-counting distribution, i.e.,
l(n|M, B, s)|? = [®M (B, 5)]? is the NHGD [13] in probability theory. The normalization of
the NHGS can be seen from the combinatorial relation

i n+x\(M—-n+y\ (M+x+y+1 (5)
—=\ n M-n ) M
namely,

& nHs\(M/A—B)—n—s—1\(M/L-B\ " _
<M,ﬁ,s|M,ﬂ,s>—;(n>< no )( " )_1. ©)

Equation (5) can be derived by making use of the forngiiten) ~*9 = >~ | ("*%) (—u)" and
equating the power series expansion coefficienisaf the both sides afl +u) ™ (1+u)™> =
1 +M)f(x+.v)_

The different limits, to which the three parametéis s, and 8 in equation (1) go,
correspond to different states in the quantized radiation field.

(a) Inthe limitg — 1, M ands finite, the NHGS degenerates to the vacuum stdjte In
fact, noticingM /(1 — B8) — oo, we have
u 2 n+s\[M/A- M ™" M!
Sn.0- 7
16,6, 91~ ( n ) w—mt ja—pp e 0
(b) Inthe imitg — s/(M +s), [OM(B, )12 — (=) ("7~ (**) ™" =5, », and hence the
NHGS reduces to the number staté).
From (a) and (b), the NHGS can be continuously transferred from the vacuunOstate
the number statgM) by varying the value o from g =s/(M +s)to 8 = 1.
(c) Inthelimit — 1,5 — oo but keeping1l — B)(1 +s) = «? constant¢? < M) (we call
this theBS limi)), we have
M! nt+s)yn+s—21...s+H1L—-pB)"
[0 (8, )] = ( )( ). ( )(1—B)
(M —n)! n!
X{IM —Q=B)n+s+D][M - 1-B)n+s+2)]...
M -1 —-B)M +5)]}
X (MM — (1= PIM —20—=p)]...[M =M - -
2\n _ y2\M-n
- <M> = <M><a2/M)"<1—a2/M)M” (®)
n M n
which means that the NHGS approaches the ordinary BS, |[M&.8,s) —
otol () p" (L= p)M="142n) = M, p)(p = o/ M, notea® < M).
(d) Inthe limit M — oo, while 8 ands are finite (we call this th&BS limi},
M 2 (nts M!
o = (") s
» (MB/(1—PIMB/(L—B)—1]...[MB/(1—B) —s]
[M/A-BIM/Q1-p) —1]...[M/L—B) —n—3s]
n+s\ M"[MB/(1— B)I** (n + s) "
- = ‘1-p)" 9
(") G e = () ©
which is none other than the negative binomial distribution. Thus in this limit the NHGS
coincides withthe NBS, the latter being definedias) = 372 o[("7") 8" (1—B)"1"2|n).
All the facts above imply that the NHGS provides a way of treating the relations amongst
different important states in quantum optics.
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3. Algebraic structure of the NHGS

Recall that the NBS can be viewed as a special Perelomoyks 1) coherent state [15, 16]
18, s) = €*%~%|0) (10)

in which r is a positive number satisfying séeh= . K. = +/N +sa’ andkK_ = Kl
alongwithKz = N + % are generators aft(1, 1) Lie algebra via its HP realization with the
Bargmannindexs+1)/2. Hereafterg anda' represent the annihilation and creation operators

of a photon of a single-mode electromagnetic field '] = 1) andN = a'a is the number
operator. The Perelomow% (1, 1) coherent state admits the ladder operator formalism [17],
which makes us arrive at the fact that the NBS is the eigenstate of the following eigenvalue

equation:

1
(VI=BK.— Ks)1B.5) = ==15.5). GEN

In terms of the generators; andK _, the eigenvalue equation is given by

s+1
(k- = VI=BKa)1B.5) = —=VI-Plp.s). (12)
Naturally, we ask if the NHGS can be expressed in a ladder operator formalism. The answer is
affirmative. To see this, we suppose that the NHGS satisfies an eigenvalue equation as follows:
[f(N)a" — N1 IM, B.s) =0 (13)

in which f(N) is a function ofN to be determined. Inserting equation (1) into equation (13)
and taking into account the well known relations for the action of boson operators onto the
Fock states (e.g. [18]), we obtain the following equation:

M M
D f+ DVn+10) (B s)n+1) =Y n®,(B.5)n) =0 (14)
n=0 n=0
from which we find
fM+1) =0
VO (B,s)  JI-—BJn+tsyM—n+1 3 (15)
fn) = O s~ JIT=A=FnTy n=12,...,M).
Substituting equation (15) into equation (13) gives the result
Jl—ﬂ¢N+sJM—N+1aT_N M. B.5) = 0. (16)
VM — (1= B)(N +5)

This equation obviously reduces to equation (11) in the NBS limit. In the BS limit, on the
other hand, equation (16) reduces to the following equation which is satisfied by MBS
(p = ?/M):

(«/51—+ 1—sz) |M, p) = 31— pM|M, p) 17)

inwhichJ_ = a'vVM =N, J, = J' andJ, = 4 — N are the HP realization ofu(2) Lie
algebra.
Consider now the operators

VI=BYN+syM—-N+1 .
a
VM — (1= B)(N +5)
They satisfy the following commutation relations:
[N, Ay] = +A. AyA_ = F(N) A_A, =F(N+1) (19)

N, Ay = A_= (A" (18)
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where
1- N+s)(M —N+1)N
Fvy = L=PW +8)( ) (20)
M — (1—B)(N +s)
is a non-negative Hermitian function. Therefore, the algebra related to NHGS, which is an
associative algebra generated Ay, A., N and the unit 1, is actually generally deformed
oscillator algebrawith the structure functio’(N) [19]. SinceA.|M) = 0, the algebra has
an (M + 1)-dimensional representation on the Fock space. In terms of the generators of this
algebra, equation (16) is rewritten as

[Ar — N]IM, B,s) =0. (21)

Following the same procedure as in deriving equation (16), we find another form of the
eigenvalue equation satisfied by the NHGS:

[am_ VI=BJM —N(N +s+1)

VM —(1-B)(N+s+1)

which in the NBS limit tends to equation (12). In the BS limit it tends to the eigenvalue
equation in terms of, and J.:

(VP = VI=pa.) IM, p) = ~3/PMIM. p). (23)

From equations (17) and (23), the BS can be identified with a speqial coherent state, as
has been indicated in [14]. In a word, the algebra associated with the NHGS is a deformation
of bothsu(2) andsu (1, 1).

}IM,,B,@:O (22)

4. Nonclassical properties

4.1. Photon statistics

A field is antibunched if its second-order correlation functiéf(0) < 1 [20], namely,
(N?) — (N)
(N)?
For the NHGS, the averaged'), (N2) and the fluctuatiog A N?) are given by the following

expressions:
s+ DHA-pM

g?(0) = <1 (24)

1-8+8M
_ _ RB)2 _
2y~ CFDA=PM s+ D +D(A- pEMM ~ 1) (25)
1-g+pM (1—B+BM)(2—2B+BM)
AN? — SFDA=—PM  (+Ds+DA- MM 1) (s +12(A - p)*M°
e ] L—B+BM)Y2—2B+BM)  (1—f+pM)?
from which we find
@0y = $FDA=B AN — 1) (26)

(s +1)(2—28+BM)M

It then follows forg®@? (0) < 1,s > %{f;j"z. Combining this condition with equation (3),

we arrive at the sufficient and necessary condition for the NHGS to be antibunched (for given
B andM)
BM —1)2%+8—2 MB

<§s < —. (27)
1-8+M 1-8
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For fixed 8 and s, it is evident that the left-hand side of the above inequality will be
destroyed wher becomes large enough. The extreme situation occurs in the NBS limit:
g@(©) — 2 > 1. In the BS limit, on the other hand, we hay®(0) - 1— 1 < 1.
Therefore the NBS is definitely bunched while the BS is definitely antibunched.

Since the sub-Poissonian character and antibunching effect are always coincident for
single-mode and time-independent fields, equation (27) is also the condition for the NHGS to
be sub-Poissonian.

Now we discuss how®(0) changes as we vary the parameters in the NHGS. In the
special cas@/ = 1, from equation (26) we seg? (0) = 0, which is an expected result since
the statgl, 8, s) does not contain in its expansion the photon number $2ateln another
special cas&4 — oo ands = 0, we find thatg®®(0) — 2, in agreement with the value
obtained in the quasi-thermal state, as it should. In our numerical stughy @), we plot
this function against the parameterfor different values of\f ands (see figure 1). (Here
and henceforth, the condition in equation (3) is made use of to decide the starting points of
B.) From these plots we find that wh@n— s/(M +s), g?(0) — (1 — 1/M) (the number
state); wherg — 1, ¢ (0) — % It may be recalled that the latter case corresponds
to the vacuum state. Thus we conclude that the second-order correlation function would be
undefined for the vacuum state. Other conditions being the sef¢)) is a monotonically
increasing function of. Accordingly, the maximum antibunching is achieved in the number
state. Also, we find thag® (0) decreases with increasing the valuesoWhens < M — 2,
there is an interval g8 within which the NHGS exhibits the bunching effect. Wher M —2,
the antibunching behaviour persists for the whole interva.oFinally, g® (0) increases as
M increases. This means that increasing the number of photons in the NHGS may change the
field from antibunching to bunching.

4.2. Quadrature squeezing
The quadrature operators of the single-mode field are defined as

X:%Z(a +ah P = %(a—aT). (28)
They satisfy the commutation relatiok [ P] = i and consequently their variances X)? =
(X?) — (X)?, (AP)? = (P?) — (P)? obey the Heisenberg uncertainty relation

(AX)*(AP)* > 1. (29)
The field is said to be squeezed in thig P) quadrature ifAX)? < 1 ((AP)? < 3). Seeing
that there is no squeezing in tiequadrature when the field is in the NBS [15], whereas the
BS can exhibit theX-squeezing effect when appropriate values of its parameters are taken
[1], the NHGS should be able to exhillitsqueezing in some regions of its parameters; such
regions are not close to the NBS limit. For the sake of convenience, we define the squeezing
indices as

S, =2(AX)° -1 S, =2(AP)® -1 (30)
WhenS, < 0 (S, < 0), the field is squeezed in the (P) quadrature. From equation (28),
S, andS, are expressed as

Se = (a®+a") + 2(N) — (a+a")? (31)

S, = —(@®*+a"™ +2(N) + (a — a")?. (32)
Now that all parameters in the definition of the NHGS are real, we have= (a') and
(a®) = (a'®). Hence,

Sy = 2(a®) + 2(N) — 4{a)? S, = —2(a® +2(N). (33)
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1 @
1.5+

1.4 1

1.3 -

1.2+

g®(0)

g%0)

Figure 1. The second-order correlation function of the NHGS as a functighfof two different
values ofM: (a) M = 5 and p) M = 10. Thes values are indicated in the plots.

The action of powers of the annihilation operator on the NHGS is

n+l

M-I
a1|M,,3,s>=Z®M B, s)Vn+ivn+1—1...~/n+1n) (34)
n=0
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when! < M. Whenl > M, d'|M, B, s) = 0. First, we consider the cag¢ = 1. In this case
it is easy to evaluate

Sy = —2(1+5)(1— B) + 41 +5)%(1 — B)? S,=2(1+s)(1—pB) (35)

from which we see that the quadratuPds not squeezed; the occurrence of squeezing in the
quadratureX demands
28—-1
S < —.
21-p)
Second, wherM > 1, by means of equations (33) and (34) we get the expressions of the
squeezing indices as

M-2
5, =28 DU DM 5N~ oM, 9)0M (B, )Wn+ 2/ + 1
n=0

(36)

1-B+BM
M-1 2
—4( > 0M(B. 90N (B s)Vn + 1) (37)
n=0
s+hA-pM =
S, = ZW —2 ; OM (B, )OM (B, s)Vn+2v/n + 1. (38)

It is convenient to make numerical evaluations of the expressions above. We have §lotted
in figure 2, against the parametgrfor different values ofM ands. One can see that the
NHGS does exhibit squeezing in the quadratkirehen the value of is not too small{ > 2
in the caseM = 5, for instance). However, the depth of squeezing and the rangeowér
which squeezing is observed are very sensitive to the valugs afids: ass increases, the
X-squeezing becomes more effective, and the point of maximum squeezing shifts totigher
As a result, the most effectivE-squeezing is achieved in the BS limit. In figure 4 we have
plotted S,, by lettingM = 5 ands = 999, againstl1 +s)(1 — 8)/M, which approximates
to S, for the BS ofM = 5. Comparing figures 4 and &) it is evident that the maximum
X-squeezing of the BS is stronger than that of the NHGS. For the quadathevever, the
opposite is the case. For example, only when the valuésafaken small enough (< 2 in the
caseM = 5, for instance) doe®-squeezing appear (see figure 3), ahdqueezing becomes
more effective as decreases, namely, maximuPasqueezing is achieved whenr= 0. On the
other hand, for given values gfands, asM increasess, increases while, decreases. This
means that increasing the photon number can enhance the squeezing iqubdrature but
depress that in th¥ quadrature. At this point we may naturally conclude that in the NBS limit
there is no squeezing at all in tequadrature, whereas ttRequadrature is always squeezed
irrespective of the values efandg. This is consistent with the results in [15].

In figure 5 we have plotted the uncertainty prod(stX)?(A P)? for M = 5, againsts
for differents values. The uncertainty product increases awxreases. It is always greater
than its minimum allowed valué. This value is achieved only in the limit — 1, i.e. the
limit leading to the vacuum state.

4.3. Wigner function

Quasi-probability distributions can help provide insight to the nonclassical nature of radiation
fields. Of these, the Wigner function [21] is of particular importance as it gives the correct
probability for a chosen observable by integration over the conjugate observable. The Wigner
function is defined as the Fourier transform of the characteristic function, associated with
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Figure 2. Squeezing indeX, of NHGS as a function g8 for two differentvaluesoM: (a) M =5
and p) M = 10. Thes values are indicated in the plots.

the symmetrical order of the annihilation and creation operators. Alternatively, the Wigner
function for an arbitrary density operatormay be given by [22]

W(z) = ;Tr[pD(Zz) exp(in N)] (39)
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Figure 3. Squeezing indeX,, of NHGS as a function of for two different valuesoM: (a) M = 5
and p) M = 10. Thes values are indicated in the plots.

where D(z) is the displacement operatot, is a complexc-number. Insertingo =
|M, B, s)(M, B8, s| and substituting the definition of equation (1), we obtain the Wigner function
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Figure 4. Squeezing indeX, of NHGS as a function ofl +s)(1— 8)/M for M = 5 ands = 999.
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Figure 5. The uncertainty productXX)2(A P)? of NHGS as a function of for M = 5. Thes
values are indicated in the plots.
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of the NHGS as
2 M M

W@ ==3 3 6B )0 (B )=D" tun(22). (40)
n=0 m=0

Here [23],

| 2
Xom (2) = (1| D(2)|m) = (m|D(—z2)|n)* = ,/’;i.'e“z| L (2?) (41)

forn > m, whereL!,(x) = >0 (™) (*“x)l is the associated Laguerre polynomial. From
equation (40) it is apparent thdi{ (z) is a symmetric function in Iniz). We have studied
numerically the behaviour of the Wigner functid¥i(z) of equation (40) as a function of
z = Re(z) +ilm (z) for M = 2, s = 0 and different values gf (from 1 tos/(M +s)). The
result is shown in the sequence of figureg)é(d). With reference to figure &f, we see that
when g is close to 1, the function has an almost Gaussian shape centred in the origin, and is
largely insensitive to change M. This is reasonable because of the dominance of the effect
of the vacuum state over the effects of the higher excitationsg Ascreasesi = 0.5, for
instance), which means that the vacuum state begins to lose its higher probability in the number
state expansion, some negative part of the distribution appears. The negativity of the Wigner
function signifies nonclassical effects. When the valug isfeven smaller, the negative part is
even largeryV (z) deviates far away from the Gaussian distribution and the rings characteristic
of a number state start being formed, as we can appreciate in the glet @& 1. Wheng = 0,
the number state is produced.

In figure 7 we plot the Wigner functiofV (z) by taking the valuesy = 1, s = 1,
B = 0.55, which is identified with the Wigner function of the B% = 1, p = 0.9).
On the other hand, the numerical evaluationMf= 1, s = 999, 8 = 0.9991 produces
a plot very much resembling that corresponding to the |BS = 1, p = 0.9), which
enables us to trace the ‘shaping’ of the BS from the NHGS. Similarly, one can also trace
the ‘shaping’ of the NBS by plotting the Wigner function of NHGS, taking a very large value
of M.

5. Concluding remarks

In this work we have introduced the NHGS of the quantized radiation field and discussed
some of its physical properties. We have shown that the NHGS can be viewed as interpolating
between the BS and the NBS.

Finally, let us briefly discuss the possibility for realization of the NHGS. As a matter of
fact, although the generation of pure nonclassical states has been a major subject in quantum
optics, it is not a task of immediate implementation. To the author’'s knowledge, even the
realization of the BS is not available yet. Recently, some progress has been made in schemes
of realizing arbitrary pure states. In [24], for example, a method based uponumitary
‘collapse’ of the state vector of the cavity-field mode via atom ground-state measurement is
proposed for preparing a cavity-field mode undergoing a Jaynes—Cummings dynamics in any
superposition of a finite number of Fock states in principle. The scheme in [25], however,
is by using a cavity QEDunitary time-dependent interaction. With respect to these two
methods, it has been argued by the authors of [26] that ‘both approaches involve individual
atoms interacting with a single-mode cavity field, which would demand extraordinary control
in a generation experiment. It is therefore interesting to seek alternative methods for the
generation of nonclassical light'. [26] constructs a Hamiltonian which would allow the use
of some kind of nonlinear interaction for the production of arbitrary pure states, including
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Figure 6. Wigner functionW (z)(z = Re(z) + ilm (z)) of the NHGS forM = 2,s = 0 and
(8 B=0.9,0b) B=05,()B =0.1, () B =0 (the number statg)).
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Figure 7. Wigner functionW (z) of the NHGS forM = 1,5 = 1, 8 = 0.55.

the superposition states like the NHGS. In a more recent paper, i.e. [27], it is shown that
arbitrary pure quantum states can be realized by a succession of alternate state displacement
and single-photon adding. Based on the above significant studies, the NHGS could hopefully
be produced in the not too distant future. If so, the interesting features stated in our paper will
be witnessed.
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Appendix. NHGD

Assume that there ar¥ balls, K of which are black andN — K) are white. Suppose we
choose balls at random, one by one and without replacementr, ltet the number of our
choices needed in order to exactly obtaiblack balls. Then the probability af beingm
(m=r,r+1,...,N— K +r)isgiven by the NHGD

(m - 1) (N - m> <N>—1
Pl{t, =m} = .
r—1J\K—r)\K

By a change of variables

n=m-—r s=r—1 M=N-K=0-p8)N
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we can rewrite the probability as

Py, =n+s+1) = (":S)<M/(1‘ﬂ)—"—S—1><M/<1—ﬂ)

M—n M

which is just 9 (8, s)]2.
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